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To address the various disruptive events that occur during process operations, reac-
tive scheduling is commonly used. However, a major limitation of the existing reactive
scheduling techniques is the response time, which might cause significant delay while
the generation of a new schedule takes place. In this article, a novel approach is pro-
posed to improve the efficiency of reactive scheduling and to avoid the resolution of a
complex optimization problem when uncertain event occurs during the scheduling pe-
riod. In the proposed method, reactive schedule is obtained from the solution of multi-
parametric programming problem, which is solved ahead of time and covers all possi-
ble outcomes of future uncertainty. The multiparametric programming problem is
derived from a new reactive scheduling formulation, which integrates disruptive events
(rush order and machine breakdown) as uncertain parameters in the process modeling.
Several examples are presented to illustrate the effectiveness of the proposed
approach. © 2008 American Institute of Chemical Engineers AIChE J, 54: 2610-2623, 2008
Keywords: reactive scheduling, multiparametric programming, uncertainty, rush order,

machine breakdown

Introduction

Uncertainty is a very important concern in scheduling of
process operations in real plants. Uncertainty appears from
different sources, such as variability in processing times of
different tasks, unexpected machine breakdown, staffing/op-
erator problems, unexpected arrival of new orders, cancella-
tion or modification of existing orders, early or late arrival of
raw materials, modification of release and due dates, etc.
These uncertainties often make the schedule generated under
the deterministic assumption suboptimal or even infeasible.
Uncertainty consideration, thus, is very important to preserve
plant feasibility and viability during operations.

Based on different treatment of uncertainty, methods for
process scheduling under uncertainty can be classified into
two groups: preventive scheduling and reactive scheduling.
Preventive scheduling generates scheduling policies before
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uncertainty occurs by taking into account uncertainty in gen-
erating schedules that can tolerate parameter variability. The
consideration of uncertainty information is used to make the
preventive schedule more robust, which means to remain
valid and satisfy performance requirements under a wide va-
riety of disturbances. Preventive scheduling is often used
when the uncertainty can be quantified in some way. Typical
techniques used for preventive scheduling are stochastic pro-
gramming and robust optimization. Stochastic programming
model handles future uncertainty (e.g., demand) through
recourse operation according to different uncertainty
scenarios'™; whereas robust optimization based methods aim
at generating feasible schedule for all possible scenarios.*®
If the degree of uncertainty is high or if there is no informa-
tion about the behavior of uncertainty, a different reactive
scheduling approach is more appropriate.

Reactive scheduling, which is also called rescheduling,
takes place when the schedule is implemented based on
up-to-date information regarding the state of the system. It
requires the modification of the existing schedule during the
manufacturing process to adapt to the changes (uncertainty)
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such as rush order arrivals, order cancellations, or machine
breakdowns. For this type of uncertainty, there is not enough
information prior to realization of the uncertain parameters
that will allow a protective action, so almost all the methods
in the literature aim to resolve a rescheduling problem once
the disruptive events occur.

The reactive scheduling actions are based on various
underlying strategies. It can rely on simple techniques or
heuristic rules to seek a quick schedule consistency restora-
tion. One of the earliest efforts in reactive scheduling was
reported by Cott and Macchietto’ who considered fluctua-
tions of processing times and used a shifting algorithm to
modify the starting times of processing steps of a batch by
the maximum deviation between the expected and actual
processing times of all related processing steps. Kanakame-
dala et al.® developed a least-impact heuristic approach with
two levels that allows time shifting and unit replacement in
multipurpose batch plants. Huercio et al.” proposed a reactive
scheduling technique to deal with variations in task process-
ing times and equipment availability. They generated a set of
decision trees using alternative unit assignments, each based
on a conflict in the real production schedule caused by a
deviation between the real schedule and the nominal sched-
ule. Branches of the trees are then pruned according to heu-
ristic equipment selection rules. Sanmarti et al.'” extended
this work to cover unexpected equipment failure. Rodrigues
et al.'! also considered uncertain processing times and pro-
posed a rolling-horizon approach that incorporates a look-
ahead procedure to avoid possible violations of future due
dates. Honkomp et al.'? proposed a reactive scheduling
framework for processing time variations and equipment
breakdown by coupling a deterministic schedule optimizer
with a simulator that introduces stochastic events where two
different formulations of time are considered. A number of
rescheduling strategies were proposed and heuristics were
used to locate critical tasks, which can be modified to make
the nominal schedule less susceptible to the effects of proc-
essing time variability.

On the other hand, a number of the techniques presented
in the literature involve a full scheduling of the tasks that
have to be executed after the unexpected event occurs
through mathematical programming approaches relying
mostly on mixed integer linear programming (MILP). Roslof
et al."? developed an MILP-based heuristic algorithm by iter-
atively releasing a set of jobs from a nominal schedule and
optimally reallocating them, where the complexity of the
problem is controlled through the number of simultaneously
released jobs. Ruiz et al.'* presented a fault diagnosis system
that interacts with a schedule optimizer for multipurpose
batch plants to perform reactive scheduling in the event of
processing time variability or unit unavailability. Méndez
and Cerda'® proposed a rescheduling method by first reas-
signing resources to tasks that still need to be processed and
then reordering the sequence of processing tasks for each
resource item. They considered start time shifting, local reor-
dering, and unit reallocation of old batches as well as inser-
tion of new batches. This work was extended in Méndez and
Cerda'® to include limited discrete renewable resources
where only start-time shifting, local batch reordering, and
resource reallocation of existing batches are allowed. Vin
and Terapetritou'” considered the rescheduling of multiprod-
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uct and multipurpose batch plants in the event of machine
breakdown or rush order arrival. Full-scale rescheduling of
each production schedule is avoided by fixing binary varia-
bles for a subset of tasks from the original production sched-
ule. The fixing of tasks results in a reduced computational
effort required to solve the resulting MILP problem. Janak
and Floudas'® presented a similar framework where the fixed
subset of tasks is determined using a detailed set of rules
that reflect the production needs and can be modified for dif-
ferent production facilities. By fixing a subset of tasks, a
reduced computational effort is required to solve the result-
ing MILP problem.

As shown from the literature, a major consideration for re-
active scheduling is the response time. If the computation
time is large the production may be significantly delayed
while the new schedule is developed. In this article, we pro-
posed a framework to solve the reactive scheduling problems
using multiparametric programming technique, which will
greatly improve the efficiency of the rescheduling approach
because the new schedule is obtained from the solution of
parametric programming problem which was solved before
the occurrences of disruptive events, thus completely avoid-
ing the solution of the rescheduling optimization problem.

Parametric programming serves as an analytic tool by
mapping the uncertainties in the optimization problem to
optimal alternatives. From this point of view, parametric pro-
gramming provides the exact mathematical solution of the
optimization problem under uncertainty. In the literature,
there are not many records on the application of parametric
programming in process scheduling problem. Ryu and Pisti-
kopoulos19 has reported the application of parametric pro-
gramming to a zero-waiting scheduling problem, where they
studied the parametric solution under processing time uncer-
tainty for zero-wait batch processes, but the scheduling for-
mulation does not consider the executed tasks so it is not
able to address the reactive scheduling problem. Li and lera-
petritou® proposed an efficient multiparametric programming
framework and applied it to general scheduling problem to
study the effect of uncertain product demand, price and proc-
essing time on preventive scheduling problem. In this article,
the work is further extended to study the reactive scheduling
problem.

The rest of this article is organized as follows. A general
reactive scheduling formulation is presented in next section
for two kinds of uncertainty: rush order and machine break-
down. Then, a multiparametric programming method, which
will be used to solve the parametric reactive scheduling prob-
lem, is described. The reactive scheduling for two types of
unexpected events is illustrated through examples and the ar-
ticle is finally summarized in the last section.

Reactive Scheduling Formulation

Before the presentation of the reactive scheduling formula-
tion, the deterministic model is first presented in the next
subsection. It should be noticed that the proposed methodol-
ogy for reactive scheduling is not tight to the specific deter-
ministic model. Any schedule modeling framework can be
used as long as it can be formulated as a MILP problem,
such as the one presented by Floudas and Lin,>' Méndez
et al.,22 Maravelias and Grossmann.?
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Figure 1. State-task-network (STN) representation of
example 1.

Deterministic Scheduling

The deterministic model used for batch process scheduling
in this article follows the main idea of the continuous time
formulation proposed by Ierapetritou and Floudas.** The gen-
eral model involves the following objective and constraints.
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The state-task network (STN) concept is employed in the
above model, where state nodes represent feeds, intermedi-
ates, and final products; task nodes represent the process
operations, which transform state(s) to other state(s), and
directed edges represent the flow of materials. The model
employ the concept of event point that allows different tasks
to start at different moments in different units for the same
event point, which relaxes the global time point representa-
tion.?>?> In the above formulation, the objective function (1)
is the profit although different performance measures like
makespan can be used; allocation constraints (2) state that
only one of the tasks can be performed in each unit at an
event point (n); constraints (3) represent the material balan-
ces for each state (s) expressing that at each event point (n)
the amount st,, is equal to that at event point (n — 1),
adjusted by any amounts produced and consumed between
event points (n — 1) and (n), and delivered to the market at
event point (n); the storage and capacity limitations of pro-
duction units are expressed by constraints (4) and (5); con-
straints (6) are written to satisfy the demands of final prod-
ucts; and constraints (7)—(14) represent time limitations due
to task duration and sequence requirements in the same or
different production units. Detailed description of the sym-
bols in the above formulation is provided in the nomencla-
ture section of the article.

Reactive Scheduling

To apply the parametric programming method on reactive
scheduling, it is necessary to develop an effective way to
model the disruptive uncertainty into the scheduling formula-
tion (1)—(14). An important fact for formulating the reactive
scheduling is that the tasks that have already executed or
started cannot be changed. In a previously published work,"”
those binary variables that corresponds to a subset of tasks of
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Figure 2. Original schedule of example 1 with nominal demand.
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the original production schedule that have been executed are
fixed while generating the reactive schedule. However, this
method only solves one reactive schedule after the uncertain
event occurs.

Our target in this work is to develop a new reactive sched-
uling formulation to consider all possible uncertain outcomes
by formulating the uncertain events as uncertain parameters
into the optimization problem. The basic strategy is to gener-
ate a complete reschedule but fix the executed tasks with a
set of binary indicator variables y;;,, which denote whether a
task is executed (y;;, = 1) or not (y;;, = 0). The rules and
corresponding constraints to identify these indicator variables
will be presented in the next two subsections for the specific
disruptive event, rush order or machine breakdown. Here, the
constraints that ensure that the executed tasks are fixed using
the indicator variables (y;;,) are described as follows:

old

WVijn = WV i ify =1 Viel, VjeJ;, YneN (15)

__gold old
biAJI«," bIJ nwvl,j n’

ifyijn=1 Viel, VjeJ; YneN (16)

Tsijn = Ts)pwVip,  ifyijn=1 Yiel, Vjel, YneN
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Tfijn = Tf oW Vi, ifyija=1 Vi€l, Vel YneN (18)

Constraint (15) ensures that if a task 7 assigned to unit j at
event point n has been executed, then the corresponding variable
wv;;, has to be fixed to the value wvj’}dn that represents the task
in the original schedule. Similarly, constraints (16)—(18) ensure
that batch size, task starting and completion time are fixed at
the same values as the ones in the original schedule.

The logical constraints (15)—(18) are transformed to math-

ematical programming constraints as follows.
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Viel, VjelJ;, VneN (22
where bB is the upper bound of the batch size, and U is the
upper bound of the scheduling time horizon.

Constraint (19) is equivalent to constraint (15). This can
be shown as follows: if y;;, 1, then constraint (19)
becomes wvpid < wv;, < widl, i, wg, is fixed to

INN
wv?d - if on the other hand vy, in = 0, then (19) becomes

ijn’

Table 1. Rush Order Uncertainty for Example 1

Value Range
sh (New demand of P1) 0, 70 < 0, <90
T"“h (Order arrival time) 0> 2<0,<6
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Figure 3. Parametric solution of optimal makespan and
the rush order.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

wy °}d — 1< wvy, < wv? 4+ 1, which is a redundant con-
straint because it is satisfied for any value of the binary vari-
able wv;;,. Similarly, constraints (20)—(22) are equivalent to
logical constraints (16)—(18), respectively.

To determine the value of y;;,, additional constraints are
required depending on the nature of the disruptive event:
rush order or machine breakdown. In the next two subsec-
tions, we specify the rules and constraints that determine the
value of y;;, and present the complete reactive scheduling
formulation.

Rush order

Once a rush order arrives during the scheduling execution
process, all the tasks that have already started should be
identified as executed. When this rule is implemented on the
original schedule solution, the value of y;;, can be identified.
However, this rule should also be implemented on the com-
plete reschedule, so that the reactive schedule does not
change the schedule history; otherwise, the reactive schedule
can generate “wrong” tasks that start before the disruptive

B

55 2

9 1o 11

3 .
70 72 74 76 78 80 82 B4 85 88 90
6,

1

Figure 4. Critical regions of example 1 with rush order.
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Table 2. Parametric Objective for Example 1 with
Rush Order

Critical Region Makespan H(h)

8.1614
8.3723
6.353 + 0.025640,
0.6192 + 0.106670,
3.962 + 0.066670,
5.6353 + 0.0410,
0.071 + 0.106670,
57892 + 0.0410,
0.0467 + 0.106670,
5769 + 0.040,

—0.1174 + 0.106670,

— OOV o0 W R WN—

—_—

event, which do not exist in the original schedule. Therefore,
we can define the indicator binary variable y; ;,, as follows:

L
Yijn = 0’

which can be mathematically formulated as follows:

if Tv"ld < T™hand Ts; g < T rush
if TSOId > Trush and TS[,/A,n > Trush

ijn =

Ts old +e— U(l _yi;fs")

ijn

Trush < TYOld 4 UYi,j.n

ij,n
Viel, Vjel, VvneN  (23)

Tsi.j.n +é&— U(l - yij,n) < TIUSh < Tfi,j,n + in,j.n

Viel, Yjel, VneN (24)

Constraints (23) and (24) correspond to the definition of
the binary variables y;;,. (23) can be verified as follows: if
task i in unit j at event point n starts before the rush order
arrives (Tsf’jdn < T™M), then y; jn must take value 1 as a bi-
nary variable because if y;;, constraint (23) will become
Trsh < Ts?)%,, which contradicts the fact that TslS, < Trosh.
however, 1f Yijn = 1 constraint (23) takes the form Ts"jd +
e < T““h < Tsf’]/dn + U, which verifies the assumption (Tsj’}dn
< T"“h) because ¢ is a small positive number and the in-
equality on the right-hand side is redundant; similarly, if task
i in unit j at event point n starts at or after the rush order ar-
rival time (Ts"jdn > T™"), y,;, must be 0 because in this
case constraint (23) satisfies this assumption, whereas the
value of 1 results in a contradictory conclusion (Tsf’}dn <
T™"). Thus, the value of Yijn is defined by constraint (23).
Constraint (24) defines the variables y;;, for the tasks in re-

active schedule in the same way.

Table 3. Integer Solution of Critical Region 10

{(ij.n) | WVijn = 1} {(Gjn) | Yijn = 1}

heating.heater.n0
heating.heater.nl
heating.heater.n2
rxnl.rtrl.nl
rxnl.rtrl.n3
rxnl.rtr2.nl
rxn2.rtrl.n2
rxn2.rtrl.n5
rxn2.rtr2.n2
rxn2.rtr2.n5
rxn3.rtrl.n4
rxn3.rtr2.n3
sepn.sill.n5

heating.heater.n0

heating.heater.n1
rxnl.rtr1.n0
rxnl.rtrl.nl
rxnl.rtr2.n0
rxnl.rtr2.nl
rxn2.rtr1.n0
rxn2.rtr2.n0
rxn3.rtr1.n0
rxn3.rtr2.n0
sepn.sill.n0
sepn.sill.nl
sepn.sill.n2
sepn.sill.n3

Furthermore, the demand constraint should be updated as
following to account for the new demand in the rush order:

D dig = Vses (25)

n

where rg‘“h corresponds to the updated demand after the rush
order arrival.

Thus, the reactive scheduling problem considering rush
order uncertainty is formulated with the constraints: (2)—(5),
(7)-(14), and (19)—(25). The reactive scheduling objective is
selected as minimizing the makespan to fulfill the updated
order. The complete problem formulation is given in Appen-
dix A. It should be noticed that this formulation covers any
case of a rush order arrival including the time of arrival, new
orders, and modification or cancellation of existing orders.
Also, it is not restricted by the number of different products
in the order.

Machine breakdown

To incorporate machine breakdown within the reactive
scheduling formulation, the following rules should be
included: if a unit j* breaks down at time T and requires
repair/maintenance time of 7™, then:

1. All the tasks in j € J,j # j* should be identified as exe-
cuted if they start before 7",

2. All the tasks in j* should be identified as executed if
they finish at or before 77,

Note that there are different rules for the breakdown units
and for the ones that operates normally. For the unit that is
broken, we are enforcing rules on task finishing time but not

sill e—0 g
5
P 738 | 80.0 : 80.0 : 80.0 I
2 3 4 3
reaitods 462 \ 385 . 105 , 89 19.0 |
2 ! 3 ¥ 2 Lo b 3 ’
heater 80.0 | } .0
1 1
L 1 1 1 1 1 L L
o 1 2 3 4 5 e T B g 1¢

Figure 5. Reactive schedule for example1 with rush order at t = 2.2 h.
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Figure 6. Original schedule of example 1, fixed H = 8 h.

starting time because once the machine is broken, the tasks
that have started must be stopped. Therefore, we define the
indicator binary variables as follows:

Tszl]fjn < T and Ts;j, < T
1, if forVj e J, j#j*, or
TfS < T and Ts;j, < T forj = j*
TS;»’JI»?H > Tbreak and Tsi,/',)z > Tbreak
0, if forVjeJ,j#j" or
T2 > T and Ts;j, > T"*forj = j*

ij,n

Yijn =

Similar to the rush order case, the rules are implemented
in the original schedule to identify the value of y;;,, and in
the reactive schedule to ensure that the complete reschedule
does not change the schedule history. The definition of y;;,
is mathematically equivalent with the following constraints:

T +e— Ul —yijn) < T < T + Uy,

Dij.n ij,n
Viel, Vjeld, j#j, YneN (26)

T = UL = yig ) ST STFG + Uyigen — &,
Viel, YneN (27)
Tsijn+e— Ul —yijn) < T < Tsijp + Uyijn,
Viel, Vjed, j#j, VneN (28)

Tﬁ',j*,n - U(] - ytj“,n) S Tbreak S Tﬁj*,)1 + U)’i.j*,n — &
Viel, VneN (29)

Constraints (26) are valid for units that do not break down
and represent the definition of y;;, in the following way: if
task 7 in unit j at event point n starts before the machine breaks

down (Ts?llfjn < T because constraint (26) expresses that
Tl?rea.k < Tsffn + Uyijnr Yijn must be 1 as 0 does not satisfy
this constraint; similarly, if the task i in unit j at event point n
start at or after the machine breakdown time (Ts?l/-dn > breaky

because constraint (26) expresses the requirement Ts?fn +e—

Table 4. Machine Breakdown Uncertainty for Example 1

Value Range
T‘"e_ak (Breakdown time) 0, 1<0,<7
T™*" (Maintenance time) 0, 05<0,<25

AIChE Journal October 2008 Vol. 54, No. 10
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Ul — yija) < Toreak, Yij. must be O because 1 will generate
contradictory results. Constraints (27) represent the definition
of y;;, for units that break down and can be verified in similar
way. Constraints (28) and (29) are for the tasks in reactive
schedule and correspond to the same rules as constraints (26)
and (27), respectively and can be verified in the same way.

Furthermore, we should add constraints to change the
starting time for tasks that finish after T"™** in the machine
that breaks down:

7ok o ™ < T+ Uyijen Vi€l, YneN  (30)

Constraint (30) expresses the requirement that if a task has
been identified as one that does not finish before breakdown
time (y;;, = 0), it must start after the unit is fixed. For the
case that the task finishes before the breakdown occurs (y;; ,
= 1), constraint (30) is redundant.

The reactive scheduling formulation incorporating machine
breakdown is formulated with the objective of maximizing
the profit (or minimizing makespan), using constraints (2)—
(14), (19)—(22), and (26)—(30). The complete formulation is
given in Appendix B. Note that, this formulation covers all
possible machine breakdown events including the breakdown

Figure 7. Parametric solution of maximum profit and
machine breakdown parameter.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 5. Parametric Objective for Example 1 with
Machine Breakdown

Critical Region

Optimal Profit

1 920.5

2 2015 — 363.20, — 363.20,
3 1674.3 — 2400, — 2400,
4 1403.1 — 1500, — 1500,
5 1058.9

6 896.2

7 1856.2 — 2400, — 2400,
8 2176.2 — 2400, — 2400,
9 576.2

10 866.6

11 2466.6 — 2400, — 2400,
12 1008.2

13 5001 — 706.70, — 706.70,
14 1356.6

15 2521.6 — 428.10, — 428.10,

of any unit at any time during the schedule execution that
require any time for repair/maintenance.

Multiparametric Programming

The problem formulations for the reactive scheduling
addressing rush order or machine breakdown described in the
previous section are represented by MILP problems with
uncertain parameters on the right-hand side of the con-
straints. Thus, it can be exactly addressed using a multipara-
metric mixed integer linear programming (mpMILP)
approach. The details of the approach used in this article can
be found in our previous publication,20 but it is presented
here briefly for completeness of the presentation.

For ease in the presentation, the scheduling model can be
compactly written as the following MILP problem:

min z = cx
s.t. Ax>b (P1)
x>0

where the decision variable vector x is composed by both
continuous and binary variables. When uncertainty is incor-
porated into the scheduling model as with the problem for-
mulations in Appendix A, B, problem (P1) becomes:

25
4
2
\
8,15h \2
3
14
1
5
05

Figure 8. Critical region of the example 1 with machine
breakdown.

MILP problem (P2) represents a multiparametric program-
ming problem. The complete solution of a multiparametric
programming problem is composed by the complete set of
critical regions and optimal objective functions described
with respect to uncertain parameters. The critical region is
defined as the range of parameter values where the same so-
lution remains optimal. For a mpMILP problem, there is a
unique set of integer values and unique parametric objective
function of the uncertain parameter in one critical region.
The parametric solutions of the continuous variables are also
unique parametric function of the uncertain parameter. How-
ever, in realistic applications where a large number of contin-
uous variables are involved to avoid storing too much infor-
mation, we can only store the integer solution in every criti-
cal region, and the solution of continuous variable can be
retrieved by solving a linear programming problem by fixing
the integer solution.

The solution framework is based on the idea of decom-
posing the original problem into a series of smaller prob-
lems. The parametric solution of each subproblem provides

min  z=cx . .
the solution around a given parameter value. The frame-
st. Ax>b+E0 P2) work of determining one critical region involves the follow-
x>0 ing steps:
0 <0.<0" i—1 _ m Step 1. Select a nominal parameter value 6° to be studied
P=V =V T e and solve the deterministic MILP problem by fixing the
where 0; represent uncertain parameter. uncertain parameters at 0° to get an integer solution.
sill _t
5
reactor2 48 I L 8.5 l AL 20.7
2 ! ' 3 ' 4 ! 3
reactorl 405 q 454 ; 50.0 ;
2 ! 3 ' 3 !
100 283
heater 4]| —
I I 1 1 1 1 1
a 1 2 3 4 5 6 7 E

Figure 9. Reactive schedule for reactor 2 breakdown at t = 2.5 h, maintenance time = 1 h.
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Product2

Productd

Product3
1,3

Figure 10. STN representation of example 2.

Step 2. Formulate a mpLP problem by fixing the integer
variables at the values obtained from step 1. By solving the
mpLP problem, we can get the critical region CR® that co-
vers 0° and the corresponding optimal objective function 2.
Note that, the complete solution of mpLP for entire uncertain
space is not necessary, because we are considering the entire
uncertain space by changing the initial point 0°. The para-
metric solution is obtained using the following results for a
standard linear programming problem {min z = cxlAx = b(0),
x>0}

Optimality conditions:

A;'b(0) >0 (31
cn —cpAg Ay >0 (32)
Optimal parametric objective:
z* = cpAg'b(0) (33)
Optimal parametric solution:
Xy = Ag'b(0) (34)

where Ap (cp) is composed by the columns of A (c¢) corre-
sponding to the basic variables, and Ay (cy) is composed by
the columns of A (c) corresponding to nonbasic variables.
The result of this step is a critical region that covers point 0°

metric objective and parametric solution, which are described
by Egs. 33 and 34, respectively. Because the critical region
obtained here is not the real critical region of the original
mpMILP problem, the following updating steps are required.

Step 3. Formulate the following MILP problem, which
aims at seeking an integer solution with a better objective
function in the current critical region:

0

max err =z —cx

s.t. Ax>b+ E0
x>0 (P3)
err < ¢
0 € CR°

where CR' is the current critical region that covers 6°. Prob-
lem (P3) includes all the original constraints of (P2) and the
following additional constraints: (i) parametric cut err < ¢, to
seek the integer solution that provides a better objective
function, where ¢ is a small positive number to ensure that
only a better but not the best objective is found; (ii) a restric-
tion of the solution space to current critical region CR®. 1f
the optimal objective err* < 0, the solution procedure stops
(no better solution exists in the current region); otherwise,
the integer solution and point 0* are stored and the procedure
continues to step 4.

Step 4. Formulate a new mpLP problem by fixing the inte-
ger variables at the solution obtained from step 3. Follow the
same procedure in step 2, solve mpLP problem to get the
optimal objective function z* and the critical region CR* that
covers 0%*.

Step 5. Update the critical region that covers 0° through
excluding operation: CR" = CR® | CR®*, where CR®* repre-
sents the region where the new objective z* is better than 2
(for a minimization problem, better means smaller). The
excluded part CR™ can be determined by comparing the two
objective functions in the intersection of the two critical
regions: CR® N CR* using the following redundancy test
problem:

0

max err=z —z

P4
represented by Eq. 31 and the corresponding optimal para- st. 0 CRNCR D
i s 7472 652.8 ’ 10000
) 5 L | 5 1 8 1
unit5s | i |
[3
nitd 10195 466.3 1143
2 ! 2 ' 2 '
nits | l 067.5 ' 95:2.5 |
i : 1214.3 ] 7143 ; 2857 ; 2857
Ll 3 1 ? 1 3 1 ? 1
uhit] 5337 : 466.3 |
1 1
1 1 1 Il
0 1 2 3 4
Figure 11. Original schedule for example 2.
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Table 6. Rush Order Uncertainty for Example 2

Value Range
rush (New order of P1) 0, 500 < P, < 800
st (New order of P2) 0, 1200 < P, < 1600
T™" (Order arrival time) 05 1<0,<4

If err* < 0, it means that z* < 2 is redundant in CR®
N CR* (z* is always better for a minimization problem) and
CREX = CRY N CR*, whereas if err* < 0, it means that z¥ <
2% is not redundant and CR®™X = CR°NCR* N {0|z* < °}.
Thus, the region CRFX is excluded from the original critical
region CR® that covers 0°. The exclusion is implemented by
testing and selecting one constraint in CR® that 6° violates
and adding the corresponding constraint into CR’. For exam-
ple, if the selected constraint in CRFX has the form of
Zi bi0; + ¢ <0, the constraint added into CR has the fol-
lowing form: — >, b;0; — ¢ < 0. After the critical region CR°
is updated, go back to step 3.

The proposed framework only determines one critical
region around one point. To get a complete map of the origi-
nal problem, the rest of the parameter space should be
explored. To achieve this, a uniformly distributed testing
method is used. This involves the generation of a number of
uniformly distributed points to cover the uncertainty space
which are then tested to determine whether they are already
covered by the identified critical regions, if not, the proposed
procedure can be used. This method is effective because it
only requires function value evaluations. Also, note that the
random selection of samples does not affect the correctness
of the resulted parametric solution as they are derived from
the optimality condition of LP problem. The number of
points selected is based on the dimension of the uncertain
space and the range: a higher dimension space and a relative
bigger range needs more points to be tested so that the space
is covered as much as possible. Also, note that the number
of points used to derive critical regions is less than the num-
ber of testing points because once a point is covered it is not
been reconsidered. The final solution of the problem might
involve overlapped critical regions because they belong to a
larger nonconvex critical region.20

As shown in the reactive scheduling formulations (Appen-
dix A, and B), for the reactive scheduling with rush order,
the uncertain parameters are the updated order amount rs'”Sh
and order arrival time T™", whereas for the case of machine
breakdown, the uncertain parameters consist of machine
breakdown time 7"** and machine maintenance time 7™*™.
Both cases correspond to mpMILP problems with RHS
uncertainty. The result of the multiparametric programming
provides direct mapping information between the uncertain
event and the optimal reactive scheduling solution. Thus, the
reactive schedule can be obtained directly from the paramet-
ric solution of the two different formulations. Furthermore,
sensitivity information can be easily obtained given that the
parametric solution provides the complete information of an
optimization problem under uncertainty.

Although the proposed reactive scheduling formulation does
not consider the case where several consecutive uncertain
events happen (e.g., a rush order arrival after another or a
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rush order arrival and machine breakdown after another rush
order, etc.), the proposed formulation can be applied to solve
this type of problems in the following way: the parametric
problem considering an upcoming rush order or machine
breakdown event is solved before the schedule execution as
proposed in the article. Once an uncertain event occurs, the
parametric solution is applied and a new parametric problem
is solved based on the updated schedule. This process can be
repeated to accommodate multiple unexpected events.

We can also formulate the smooth operation requirement
into the reactive scheduling formulation through the use of a
penalty term in the objective function. Details can be referred
to our previous publication.17 This, however, does not affect
the applicability of the proposed multiparametric algorithm
because mpMILP problem can still be formulated.

In the next section, several examples are solved to illus-
trate the application of the proposed reactive scheduling solu-
tion procedure.

Examples

Two examples are solved to study the application of the
proposed method on reactive scheduling. The problems are
solved with CPLEX 10.1 as the LP/MILP solver in a Pen-
tium PC (2.8 GHz, 1 G RAM).

Example 1

Example 1 involves the production of two products using
three raw materials. The state-task-network (STN) representa-
tion of this example is shown in Figure 1, and the problem
data can be found in the Appendix C.

Rush Order. To study the reactive scheduling problem
considering an unexpected rush order, we assume the original
deterministic schedule is generated first to satisfy the nomi-
nal demand of products P1 and P2, which are both set as 80
units. The deterministic scheduling problem consisting of
constraints (1)—(14) is solved with the objective function of
minimizing the makespan. The resulted schedule is shown in
Figure 2.

1200 500

Figure 12. Critical region of example for rush order
uncertainty.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 13. Reactive schedule for rush order at t = 1.5 h.

A rush order of product P1 is investigated with an uncer-
tain demand and an uncertain order arrival time as described
in Table 1.

For the reactive scheduling formulation with rush order
uncertainty, because the demand of product is increased to
satisfy the additional order, the number of event points used
for the original deterministic scheduling might not be enough
and can cause the problem to be infeasible. Therefore, we
need to find the appropriate number of event points for reac-
tive scheduling formulation with the maximum demand using
the deterministic formulation and then fix the event point
number and solve the parametric problem. For this example,
the original number of event points for deterministic formu-
lation is 7, which is the number required for the maximum
demand of product P1 (90 units), so the number of event
points are fixed at 7 for the reactive scheduling formulation
during the multiparametric programming solution process.
Then, the corresponding multiparametric programming prob-
lem is solved and the parametric results are obtained. Figure
3 illustrates the exact relationship between the uncertain pa-
rameter and the optimal makespan. Figure 4 shows the criti-
cal regions of the solution, and Table 2 shows the detail
parametric objective in different critical regions.

As shown in Figures 3 and 4, the parametric result gives
the exact relationship between the uncertain parameter and
the scheduling solution, thus the reactive schedule can be
obtained explicitly from the parametric solution once the
rush order arrives. For example, if a rush order arrives at 1 =
2.2 h (0, = 2.2) with 7 units additional demand of P1, thus
the new demand of P1 is 87 units (6; = 87) and the reactive
schedule can be obtained from the parametric solution for
(0,, 0,) = (87, 2.2), which corresponds to critical region 10
with a parametric objective of 5.769 + 0.040, and the inte-
ger solution is shown in Table 3. Thus, the optimal make-
span can be evaluated by 5.769 + 0.04 X 87 = 9.249 and
the corresponding schedule is obtained as shown in Figure 5.

Machine Breakdown. To study the case when machine
breakdown occurs, we consider the problem of maximizing
the profit in a given makespan (8 h), and there is no require-
ment on the demand of product P1 and P2. Note that, these
assumptions are not necessary and any other optimization
objective and demand constraints can be used. The original
schedule is obtained as shown in Figure 6, which results in a
maximum profit of 1498.2. Therefore, we assume that reactor
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2 breaks down during the scheduling execution period and
the breakdown time and the time of maintenance are
assumed uncertain as shown in Table 4.

To illustrate the parametric solution, the parametric objec-
tive is shown in Figure 7 and the details of the solution are
given in Table 5. The critical regions of the solution are
shown in Figure 8. Computational data for the solution pro-
cess is shown in Table 9. From the parametric solution, it
can be observed that the final optimal profit will decrease
with the increase of the maintenance time if the same unit
breaks down at the same time. Also, it should be noticed that
the problem will become infeasible if the machine break-
down time and the maintenance time increase beyond certain
limit.

Once the parametric solution is obtained, the reactive
schedule can be directly determined once the event occurs.
For example, a reactive schedule for the reactor 2 breakdown
at + = 2.5 h with 1 h maintenance can be obtained by map-
ping the parameter value (0, 0,) = (2.5, 1) in the critical
region 15. The corresponding reactive schedule is shown in
Figure 9. The resulted profit is 2521.6 — 428.1 X 2.5 —
428.1 X 1 = 1023.3, which corresponds to a big decrease
compared to the original profit (1498.2) because of the
machine breakdown.

Example 2

In example 2, four products are produced through eight
tasks from three feeds, and there are nine intermediates in
the system. In all, six different units are required for the
whole process. The STN representation of this process is
shown in Figure 10, and the problem data can be found in
Appendix C. Through this example, we are studying the
application of the proposed method on consecutive uncertain-
ties for reactive scheduling. Specifically, we assume that the
first disruptive event is a rush orders for products P1 and P2,

Table 7. Machine Breakdown Uncertainty for Example 2

Value Range
Tbre_“k (Breakdown time) 0, 3<60,<5
7™ (Maintenance time) 0, 05<0,<25
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Figure 14. Critical region of example 2 with machine
breakdown.

and the second disruptive event is that unit 2 breaks down
and needs maintenance.

First, we solve the deterministic scheduling problem with
the objective of minimizing makespan to satisfy the nominal
demand of products as: P1 = 600, P2 = 1400, P3 = 300, P4
= 1000. The original deterministic schedule is solved with
seven event points and the schedule is shown in Figure 11,
which has a minimum makespan of 4.45 h.

To address the upcoming rush order uncertainty, we can
start solving the parametric problem for rush order soon after
we get the original schedule. Using the maximum demand of
the new order, nine event points are identified to be neces-
sary for the reactive scheduling formulation. The uncertain
event is described as shown in Table 6. Then, the multipara-
metric programming problem is solved with the critical
regions illustrated in Figure 12.

Having obtained the parametric solution, we can generate
a reactive schedule as soon as the rush order arrives. For
example, if the demand of product P1 increases to 750 (0, =
750), and the demand of P2 increases to 1500 (0, = 1500)
at time ¢t = 1.5 h (03 = 1.5), the parametric solution for (0,
0>, 05) = (750,1500,1.5) can be found directly from the para-

Table 8. Parametric Objective for Example 2 with

Machine Breakdown

Critical Region

Makespan H(h)

4.74

3.74 + 0.0626,
1.49 + 0,

0.74 + 0,

237 + 0,

+ 0.0620,
+ 0,
+ 0,
+ 62

NN =

4.102 + 0.06560,
248 + 0, + 0,

o
%

metric result. Figure 13 illustrates the new schedule which
has a makespan of 4.74 h.

Soon after the reactive schedule is executed, a new para-
metric reactive scheduling problem is solved to deal with
future unexpected events. The machine breakdown uncer-
tainty considered here is defined in Table 7. The critical
regions of the parametric solution are shown in Figure 14,
whereas the detail parametric objectives are shown in
Table 8.

After we obtain the parametric solution, we can address
the upcoming machine breakdown. For example, if unit 2
breaks down at T°™* = 3 h, and requires Tmant — 15 b,
it corresponds to (0, 0,) = (3, 1.5), so the reactive sched-
ule can be obtained from the parametric result and it is
shown in Figure 15.

Following this dynamic way of addressing uncertainty,
multiple disruptive uncertainties in the scheduling process
can be addressed. The only requirement is that upon the ar-
rival of a new disruptive event, the corresponding parametric
solution that covers this uncertain event has been retrieved.
In this example, the first parametric problem is solved in
2300 CPU s, and the second parametric problem is solved in
1442 CPU s. In both cases, we test 5000 points uniformly
distributed in the uncertain space and the parametric solution
can cover all the given uncertain space (Figures 12 and 14)
except the infeasible operation areas. Detail computational
statistics are given in Table 9. Furthermore, during the pro-
cess of solving the parametric programming problem, the
uncertain space that represents the near future can be solved

unité | 747.2 | 10000, 752.8
I 5 1 I 3 T 5 1
units &
6
G 1019.5 466.3 364.3
2 ! 2 J 2 !
unit3 1067.5 14325
l 4 I 4 I
p— ) 12143 714.3 285.7 285.7
! 3 ! 7 ! 3 ! 7
anitl 5337 . 466.3 \ 2500 |
1 1 1
1 L 1 l
0 1 2 3 4 5 £

Figure 15. Reactive schedule for unit 2 breakdown at t = 3 h, maintenance time = 1.5 h.
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Table 9. Computational Statistics for the Examples

Example 1 Example 2
Rush Order Machine Breakdown Rush Order Machine Breakdown

Reactive scheduling model

Constraints 1360 1596 2278 2358

Continuous 576 673 1316 1370

Binaries 280 320 864 864
Number of testing points 5000 5000 5000 5000
Number of critical regions* 35 49 89 18
Average iterations per point 3 3 3 2
Average CPU time per point (s)** 7 5 6 5

*Equal to the number of points used to apply the multiparametric programming, because some of these critical regions might belong to a larger nonconvex criti-
cal region, the final critical region illustrated in the article is postprocessed result after union operation.
**The average time is for multiparametric programming solution process for a point.

at the beginning, so that the earlier disruptive events can be
covered by the parametric solution.

Summary

A new methodology for efficient reactive scheduling is
proposed in this article. Different to any existing method,
this article provides a direct mapping approach to generate
the reactive schedule with the parametric solution. It greatly
improves the efficiency of reactive scheduling because the
reactive schedule is obtained by checking from a set of para-
metric solutions, which is solved ahead of time but not solve
a rescheduling problem after the uncertainty occurs. The pro-
posed methodology is designed to address single disruptive
event. However, consecutive uncertainties can be addressed
through the repetitive application of the method. It is worth-
while to note here that the number of critical regions of
mpMILP problem increases with the size of the uncertain
space (number of the uncertain parameters), so complete cov-
erage of the uncertain space needs considerable computa-
tional effort. However, the parametric solution generated
using the proposed method provides a way to derive the pos-
sible reactive decision with existing computational ability
before the uncertain event, which make it possible to save
time in making reactive decision. Once the realized uncer-
tainty is not covered by the current solution, the reactive
schedule can be directly solved through the developed reac-
tive scheduling formulation. Further improvements on the
proposed method lie on developing parallel algorithm to
solve the multiparametric programming problem to further
save the computation time.
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Notation

i € I = task index and sets
I, = tasks which produce or consume state s
I; = tasks which can be performed in unit j
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j € J = unit index and sets
Ji; = units which are suitable for performing task i
n € N = event points representing the beginning of a task
s € § = state index and sets
pricey = price of state s
d;, = amount of state s delivered to the market at event point n
wv;;, = binary, whether or not task 7 in unit j start at event point n
sty,, = continuous, amount of state s at event point n
pi .. pS; = proportion of state s produced, consumed by task i, respec-
tively
bij, = continuous, batch size of task i in unit j at event point n

st = available maximum storage capacity for state s
vIT:‘/.i“, vi#* = minimum amount, maximum capacity of unit j when proc-
essing task 7
ry = market demand for state s at the end of the time horizon
Tf; . = continuous, completion time of task i in unit j that starts at
event point n
Ts;;, = continuous, time at which task i starts in unit j at event
point n
@, Pi; = constant, variable term of processing time of task i in unit j
respectively
H = scheduling time horizon
Yijn = binary, whether task i in unit j starts at event point n has
been executed
U = upper bound of scheduling time horizon
&= small positive constant
T™" = rush order arrival time
rJush = the demand of state s in the rush order
Tbre?k = the machine breakdown time
T™ ™ = the maintenance time for the broken unit

upper bound of the batch size

BYB =
J . . N
old = superscript that represents the solution of original schedules
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Appendix A: Reactive Scheduling
Formulation for Rush Order Uncertainty

Stgp < s VseS, YneN (A4)

V?:/-inWV,‘ll‘yn < b,‘_j_n < VZ}-HXWV,",‘_,, Viel, VjelJ, VvneN

> diy = VseS (A.6)

Tf;",*_’,, = TS,‘J‘,, + % jWVijn + ﬂi,/’biJJl Vi e 1, Vj S J,‘, VneN

(A7)
Tsilj,HJrl > Tﬁ,i,n — U(l — WViJ,n) Viel, Vj €J;, VneN
(A.8)
TsijJH»l 2 Tﬁ’j,n — U(l — WV[’J,n) vl7 l" S Ij,
VieJ, YyneN (A9
Tsij,)1+1 Z T_fi’j,n — U(l — WVI‘/J-/JI) Vl, i, c Ij, l # i/?
Vi, €J, VneN  (A.10)
Tsijnt1 > Tsijn Vi€l, VjeJ;, YneN (A.11)
Tfijuir > Tfiju Vi€l, Yjel, VneN (A.12)
Tsijn<H Yiel, Vjel, VneN (A.13)
Tfijn<H VYi€l, VjeJ, VneN (A.14)
wvils, = (L= yign) Swvign Swvip + (1 =yija) Vi€l
Vied, YneN (A.15)

poId yypold b}jB(l —Vijn) < biju < DI wvld 4 b}ij(l = ijn)

ijn"Vign ij,n"Vign

Viel, VjeJ;, YneN (A.16)

Tsod ypyold U(l=yijn) <Tsijp < Ts? wyold L (1 — Yijn)

ij.n ijn ij,n ij.n

Viel, Vjel, VneN (A.17)
Troswvis, — UL = yijn) < Tfijn < TFSwves + U1 = ijn)
Viel, VjelJ;, YyneN (A.13)

Tsﬁl/-?n +é&— U(l — yim) < rush < Tszlj‘,jn + in,j,n) Viel,
VieldJi, YneN (A.19)

Tsijn+e—U(l —yijn) < ™ < Tsijn+ Uyijn

Viel, VjeJ;, YneN (A.20)

Appendix B: Reactive Scheduling

min H (A.1) Formulation for Machine Breakdown
st Uncertainty

Z WVijn < 1 Viel (A2) max Zpricesdx,n or min H (Bl)

i€l; s,n

Sts,n = Stx,n—l - ds,n - Z Pfl Z sz,n+ Z ,0;,- Z bﬁj,n—l st
icl, = icl, j€li Zwvi n <1 Viel (B.2)

VseS, YneN (A3) i€l;
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Sts,n = Szx,n—l - ds,n - Z Pf, Z bi:f,n_" Z PE,,- Z biJ,n—l Tsi.j,n +é&— U(l - yiJ,n) < Tbreak < Tsi,j,n + in,j,n7
eI el ISk Viel, Vjel,j#j, V'neN (B2l)
VseS, VvneN (B.3)

Thjn — Ul = yij ) ST < Tfio + Uyijon — &

Sts.n < St?‘ax Vs € S, VneN (B.4)
Viel, VneN (B.22)

v?_}i“wvu‘n < b,‘JJ, < V;Z-QXWV,‘JA’,, Viel, VjelJ;, VneN
(B.5) 7ok oAt < T+ Uyij, Vi€l, Yn€N (B.23)

> diwzrs VseS (B.6)

n

Tfijn = TSijn + cjwvisn + Bisbijn Vi€l, Yj €T, VneN Appendix C: Process Data for the Examples

B.7
(B.7) Table C1. Process Data for Example 1
- >Tf. — WV i i .
Tsijost = Tfijn = UL —wviju) Vi€l Nj€Ji, Vn€N Unit Capacity Suitability Processing Time
(B-8) .
Heater 100 Heating 10
C . Reactor 1 50 Reaction 1, 2, 3 2.0,2.0, 1.0
Tsijnir = Tfyjon —U(l=wvijn) Vi, i €lj, VjeJ, VneN Reactor 2 80 Reaction 1, 2, 3 2.0, 2.0, 1.0
(B.9) Sill 200 Separation 1 for product 2,
2 for IntAB
Ts; Jntl > Ty = U (1 — Wy j,n) State Storage Capacity Initial Amount Prices
Vi,i el i# 1, Vj,j €J, YneN (B.10) Feed A Unlimited Unlimited 0
Feed B Unlimited Unlimited 0
Tsijpy1 > Tsijo Viel, VjeJ;, YneN (B.11) Feed C Unlimited Unlimited 0
Hot A 100 0.0 0
Tfijns1 > Tfijn Viel, VjelJ;, YneN (B.12) IntAB 200 0.0 0
Jijnet 2 Wi e IntBC 150 0.0 0
Tsiju<H Vi€l, Yje€J, VneN (B.13) impure 200 0.0 0
W Product 1 Unlimited 0.0 10
T‘fi_jﬁ S H vl c 17 vj c J[, Vn c N (B.14) Product 2 Unlimited 0.0 10
wv?fn — (1 =yijn) Swvij, < wv?}‘; + (1 —yijn) Table C2. Process Data for Example 2
Viel, VjelJ;, YneN (B.IS) Unit Capacity Suitability Processing Time
Unitl 1000 Task 1 1
1d 1d UB 1d 1d
by iawviin — by (1= yijn) < bijn < BYWvi5, Uni2 2500 Task 3.7 1
UB . . Unit3 3500 Task 4 1
+bi; (1= yijn) Vi€l Vj€J;, YneN (B.16) Unita 1500 Task 2 |
" " " " Unit5 1000 Task 6 1
Ty vy — UL = yijn) < Tsijn < Tspwvis, Unit6 4000 Task 5, 8 1
+U(1 _yiJ,n) viel, VjeJ;, Y’neN (B.17) Initial
State Storage Capacity ~ Amount
1d 1d 1d 1d
Tfwvin — UL = yijn) < Tfijn < Twvi5 Feed 1,2, 3 Unlimited 0.0 0
. . Int4 1000 0.0 0
+U(l —yiju) Viel, Vjel, YneN (B.18) IntS 1000 0.0 0
Int6 1500 0.0 0
Id break 1d Int7 2000 0.0 0
Ispjn & = UL = yijn) S T < Ts3j + Uyigin Int$ 0 0.0 0
Viel, VjeJ,j#j, YneN (B.19) Int9 3909 0.0 0
Products 1, 2, 3, 4 Unlimited 0.0 18, 19, 20, 21

Told U(l — y,.f"n) < break <T; od Uyijon—¢

ij*.n Jij*.n
Vi € [’ VYneN (BZO) Manuscript received Feb. 25, 2008, and revision received May 28, 2008.
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